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Abstract— We present a new basis for compact representation
of music. The basis vectors are discretizations of a real Morlet
wavelet, and they are induced by a tiling of the time-frequency
plane well adapted to digital music. Through a careful investiga-
tion of their properties they are subsequently slightly modified in
order to give an orthonormal system, without losing their time-
frequency localization. This wavelet transform lowers the entropy
of the musical signal, and enables compression if followed by an
entropy based coder, such as arithmetic coding. Our new basis
will also enhance the performance of all kinds of digital audio
applications.

I. INTRODUCTION

Music is made of sound waves. Having a basis for music
that gives information both on the time and and the frequency
of the notes that are played, will give an optimal representation
of the signal. When the same note is held for several small
time-intervals, there will be repetitions of the coefficients, and
this will lower the entropy. Therefore, finding good bases for
joint time-frequency representation of music is a key problem.

The construction of bases that distinguish musical notes,
requires that their spectra be mainly supported on frequency
intervals that have a constant relative bandwidth, and this
constant is irrational. Also the support (in time) of these bases
must vary with the frequency, to have good resolution in time.

Different transforms have been employed for dealing with
digitized music. Continuous transforms such as the Fourier
Transform, the Windowed Fourier Transform or Gabor Trans-
form [1], and the Continuous Wavelet Transform (CWT),
which are appropriate for signal analysis, have to be dis-
cretized in order to be applied to a discrete signal. They
generally provide redundant representations of the signal in
terms of frames, therefore they do not perform well for coding
the signal. See [2] for an overview.

The Discrete Fourier Transform (DFT) and the Discrete
Cosine Transform (DCT) have no time localization. The Modi-
fied Discrete Cosine Transform (MDCT) used in MPEG audio
compression [3] has some time information; the vector bases
are oscillations modulated by an envelope, as in the Windowed
Fourier Transform. Yet the bandwidths and the time intervals
are of fixed length. On the other hand, the Discrete Dyadic
Wavelet Transform (DWT) [5] has good time localization,
but its frequency localization is poor; it is not good enough
to discriminate semitones, only octaves. Wavelet packets [6]
improve the frequency resolution, but cannot discriminate
semitones.

Because of these drawbacks, several attempts have been
made to make more general partitions of the time-frequency
plane. In [7], orthonormal bases are constructed for general
tilings. Reduction of a dictionary of multiple Gabor frames is
proposed in [8] and [9].

We specifically focus on tilings suitable for music repre-
sentation, and present a new orthonormal basis, that has good
time and frequency localization, for compact representation
of music. In sections Il to IV we explain the construction
of the basis, which was outlined in the first author’s earlier
work [10] and grade thesis [11]. In section Il we make a
partition or tiling of the time-frequency plane that reflects the
construction of the musical scale. In section 111 we define the
elements (or atoms ) of the basis (which are discretizations of
a real Morlet wavelet), one for each tile, having most of their
energy concentrated on that tile. Subsequent modifications of
the tiling, and orthogonalization will modify our basis (section
IV). In section V we present some preliminary tests, and our
concluding remarks in VI.

Il. AN IDEAL TILING OF THE TIME-FREQUENCY PLANE

The pitch or frequency of a note is measured in cycles per
second, or Hertz (Hz); for example the note central A (La
central) has 440 Hz. Our perception of pitch is logarithmic:
to our ear, the three notes 220 Hz, 440 Hz and 880 Hz
sound equally spaced apart, yet their frequencies are related
by a multiplicative factor. When the frequencies of two notes
differ by a factor of 2, as in this case, we have an octave.
In the twelve-tone equal-tempered scale there are 12 notes or
semitones per octave, and the frequency ratio of 2 adjacent
notes is constant: we call this constant ag. Take A as the first
note of an octave: then the second note, a semitone above A,
will have frequency 440 a¢ Hz, the third 440 a% Hz, and so on.
The thirteenth note, an octave above A, will have frequency
440 a}? = 440x 2 Hz. This means that ag = /2, an irrational
number.

Suppose the original signal has been sampled at a rate of
F, samples per second. The maximum frequency is % Hz.

First, the time-frequency plane is divided into horizontal
bands, each one covering a different frequency interval. Then
each band is sliced in time, independently of the others, into
rectangles of the same length.

Figure (1) shows an ideal ideal tiling of the time-frequency
plane for an octave. There are twelve bands, one for each
semitone.
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Fig. 1. Tiling of the time-frequency plane for an octave.

To make our construction simple, we concentrate on an
octave. We divide the frequency axis into intervals or bands
[fj, fi+1], g =1...J, where J = 12. We want the frequencies
corresponding to the 12 semitones to be the midpoints of the
bands.

Let f; be the lower limit of the band for the first note,
we shall later deduce its value. We build the sequence
{fj}j=1..741 that limits the frequency bands as

fj+1 = aop fj- 1)
Let £ be the central frequency of band [f;, f;+1]:

fe= fi +2fj+1’
and let Af; = fj+1 — f; be the bandwidth.

It can be easily verified that the geometric progression
property (1) of {f;} is inherited by its middle points and by
its differences, giving

ffa=ao 7 (i) Afjpi=a0 Af; (id). (2

We want the lowest central frequency f,¢ to be exactly the
frequency of the first note of the octave. By construction (equa-
tion (2)(i)) , the remaining semitones will have frequencies f <,

j=2...12.
Since
fjczm (i), then fj:Q—fjc (i1),  (3)

2

and substituting 5 = 1 in (3)(ii), we may calculate f;.

Although the bandwidth Af; = (ag — 1) f; varies with j,
the relative bandwidth is constant

Afj . . fjc B (ap+1)

T L) Afj 2(a—1) ). @)

There is no fixed division for the time axis as for the
frequency axis. Tiles belonging to the same frequency band
have equal lengths. Let [ ¢;x,t;x+1] be an interval in time
for the frequency band j, i.e. for frequencies that lie in
[fjs fi+1]. Then the time-interval or width of the tile is
Aty =tj k11 — tj k.

Heisenberg’s uncertainty principle states that it is not pos-
sible to have both time and frequency (perfect) localization
[12], [4]. The area of each tile has an inferior bound; the tiles

1+ag

and

fir1

J

C
Lk b k+1

Fig. 2. A tile (5, k)

we will construct will all have the same area. Accordingly, we
set )

Af; Atj = 3 (5)
For low-pitched sounds, the frequency bandwidth is smaller
than for high-pitched ones. As expected, a greater time interval
is needed to identify the frequency of a signal that has fewer
cycles per second.

Once At; is obtained from (5), we can calculate
tik+1 =tjx + At;. We set ¢;0 = 0 for all bands. Then
tj;k =k Atj.

Each tile (j, k) —see figure (2)- is centered at frequency f
and at time

tik + ikt 1
S = % = <k+§ At;.

I11. CONSTRUCTION OF THE BASIS

Once the tiling of the time-frequency plane is achieved, the
next problem is to find a basis that is well localized over
such tiles. We have chosen the Morlet wavelet, a modulated
Gaussian, that has often been used for music analysis with
CWT [13] because it reaches the theoretical limit to time and
frequency localization specified by Heisenberg’s uncertainty
principle.

The Morlet wavelet is a complex function; since our signal
is real, we have chosen its real part:

U(t)y=byme T ° cos 27wft), (6)

where parameter b controls the width of the Gaussian.

Appropriate dilations and displacements of the wavelet will
allow us to place it over any tile of the partition, to obtain
all the elements of the basis. However, it is impossible to
confine a wavelet strictly to a tile, because a function cannot be
compactly supported both in time and frequency domain. We
aim at having most of the energy of the wavelet concentrated
on a tile, and have good decay on the neighbouring tiles.

It is however possible to choose a better localization in
one domain, accepting a worse localization in the other. Here
frequency localization is priviledged over time localization, to
allow good discrimination of the semitones. This decision is
made to match the characteristics of our hearing system.

It can be proven that the Fourier Transform of the wavelet
is the mean of two Gaussian functions, one centered at u = f
(which is of interest) and the other centered at w = — f (of no
interest):
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where the The Fourier Transform of a function x(t) is defined
as

[ee]
Z(u) = / e P2mut g (t) dt. (8)
— 0o

It is clear from formulae (6) and (7) that parameter b con-
trols the balance between time and frequency localization. To
priviledge frequency localization over temporal localization,
we chose b = 0.31 Af;.

To construct our basis, we place a wavelet on the center
of each tile. For each tile (j,%) we have the corresponding
wavelet W; x(t), having central frequency f = f°, and
centered at time ¢ = ¢ ¢,

U (t) = by/me O E-t00)% cog (2 Tff(t—1t58))

Figure (3) shows two consecutive displacements of the
wavelet, and their product.
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Fig. 3. Two neighbouring wavelets W; ;,W; ;11 and their product.

Fig. 4. Spectra of 2 Morlet wavelets ¥; ;, ¥,  on consecutive bands.
In figure (4) are shown the spectra of two wavelets belong-
ing to neighbouring bands, i.e. having central frequencies f *
and f % ; corresponding to two consecutive semitones: observe
the very small overlap.
The parameter ¢ of the wavelets ¥ ;. is a continuous vari-
able: the next step is to discretize the wavelets, by evaluating

them on values of ¢ FL second appart, like the samples of
the original signal, thereby obtaining vectors V (5:F) ¢ RN of
coordinates

TACHO N <Fﬁ) for n=1...N,

supposing the total time under consideration to be Fﬂ seconds.

1V. ORTHOGONALIZATION OF THE BASIS

At this point our basis consists of vectors VU (j =
0,...J+1) of length N. In all there should be N tiles and N
basis vectors. We normalize each vector, and place them as the
columns of a matrix A. (We can number the tiles of the plane
according to the values of ¢; », and follow that order to place
the basis vectors in A.) The large dimension of the matrix
makes it desirable to have an orthonormal basis: this will
allow easier and faster computation of the transform and the
reconstruction of signals. To run an orthogonalization process
like Gram-Schmidt [14] on the matrix would make havoc in
the time-frequency localization of the basis vectors. Therefore,
it is necessary to proceed carefully.

A. Correlation between elements of different bands

Because of Parseval’s equation, we know that the correlation
between 2 basis vectors is equal to the correlation of their
FFT’s. This indicates that basis vectors belonging to consecu-
tive bands may not be orthogonal — in fact, the correlation is
very small, because of the small overlap of their spectra—, but
it also indicates that basis vectors belonging to bands farther
appart are indeed orthogonal.

B. Correlation between e ements of the same band

A way to reduce the correlation of wavelets in the same
band, is to make the small oscillations of the wavelet to be at
a phase of 90° in neighboring displacements. The frequency
of these small oscillations is the central frequency f of the
tile. Therefore At;, the width of the tile measured in seconds
must be an mteger number of cycles of frequency f plus <
or 3 of a cycle, i.e. the number of cycles should be L4l
W|th integer L. Since there are f cycles per second, there are

2L+1 in 2041
=== cycles in i seconds.

This means that At,; = 2. Recall that At; = 534, and
substitute A f; from equatlon (4) We get
2L+1 A 1 (ag+1)
4ij 2AfJ 4(a0—1)ff’

from which we obtain ag =1 + f.

At this point, the orientation of this research needed to
be changed. From a true musical scale tiling of the plane
where the ratio of two consecutive limitting frequencies was
equal to an irrational number ay —see equation (1)-, the focus
was shifted to a tiling of the plane where the ratio of two
consecutive limitting frequencies is equal to the best rational
approximation 1+ 1 of ao.

The fractions of the form 1 + % closer to
ap = /2 ~ 1.05946 are 1+ 1= ~ 1.05882 and



1+1L6z1.0625. We can therefore approximate the 12
bands of an octave by 10 slightly narrower bands and 2
slightly wider bands : instead of having a'? = 2, we have

1\ 1\2
14+ — 1+ — | ~1.9993725.
(%) (%)

The error is negligible.

With this new tiling, we have orthogonality between all
displacements at odd distances of the wavelet in the same
band j, for 1 < j < J. In fact, it can be proven that

o0
/ k()Y kt2m+1(t)dt = 0;
—00

it follows that V' U-*) and v (5:k+2m+1) are orthogonal, if the
discretization is sufficiently fine.

m +2 +4 +6 +8 +10
-0.62 | 0.15 | -0.014 | 0.0005 | -0.0000071
TABLE |

SCALAR PrRoDUCT OF V(3:%) anp V (4:k+2m)

C. Final orthogonalization of the basis vectors

After having reduced the correlation between basis vectors,
it remains to orthogonalize the whole basis. This is done in
2 steps. First, in an iterative process, we select the higher
correlation between remaining basis vectors at even distances
in the same band, say 2n, and subtract the projection of one of
the vectors (multiplied by an carefully choosen factor between
0 and 1) from the other, at distances 2n and —2n, in order to
maintain symmetry of the basis. Second, we orthonormalize
the whole basis.

V. TESTS
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Fig. 5. Original signal.

Preliminary results are encouraging. We tested our algo-
rithm on a short recording extracted from the theme “No
tan distintos” (Not so different) of the Argentine Rock Band
“Sumo”, a melody of 6 notes played by an electric bass guitar
(see figure 5). The original signal has 10000 samples. It was
coded at a rate of 5512.5 samples per second, with 16 bits per
sample, the samples being in the range [—32768, 32767].

We constructed a basis covering 3 octaves, that is 36 bands.
We added 2 extra bands, one for lower frequencies and the
other for higher frequencies; in all there are 38 frequency
bands. In figure (6) are some elements of the basis belonging

to the same time interval and different frequencies, and their
spectra.
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Fig. 6. Some elements of the basis and their spectra.

We have calculated the coefficients of this signal in terms of
our basis, by simply multiplying our signal by the transpose
of matrix A. We show the coefficients in a grey-scale map
— figure 7 above—, where the darker shades of gray mean
higher absolute values. Observe that most of the coefficients
are light-shaded, i.e. small. The darker-shaded groups of
coefficients, around which we have drawn ellipses by hand,
are in correspondence with the fundamental notes played (see
the music score in the figure, below) and their overtones.
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Fig. 7.

Map of coefficients (above) and music score (below).

The coefficients are floating numbers in the interval
[-106972,112985], a wider range than the signal samples.
To reduce them to 16 bits, they were quantized (divided by
3.36 and rounded), which for each coefficient represents an
error —relative to the largest coefficient— at most 0.000016. In



table Il we may observe how the proposed tranform lowers
the entropy of the original signal. This will result in higher
compression if it is followed by arithmetic coding [15]. To
recover the signal, we multiply the coefficients by A.

Original signal samples | Entropy 12.72
Entropy 10.35

TABLE 1l
ENTROPY OF ORIGINAL SIGNAL AND OF COEFFICIENTS IN OUR BASIS

n? different symbols 7439
n° different symbols 2964

Quantized coefficients

VI. CONCLUSION

We have proposed a new basis for compact music represen-
tation. The basis vectors are a modification of a discretized
real Morlet wavelet, they are induced by a tiling of the time-
frequency plane well adapted to digital music, and they are
orthonormal.

We have tested our transform, and preliminary results show
that most of the coefficients in our base are small, indicating
that their histogram is peaked at zero. There are less different
coefficients, and the entropy of the transformed signal is lower
than the entropy of the original signal. All this indicates their
suitability for music compression.
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